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2 Gleason extremal doubly-even self-dual code
doubly-even self-dual code weight enumerator
Gleason . Gleason doubly-
even self-dual code minimum weight extremal doubly-even self-dual
code .
$C$ weight enumerator $W_{C}(x, y)= \sum_{i=0}^{n}A_{i}x^{n-i}y^{i}$ $\text{ }\ovalbox{\tt\small REJECT}$ . $A_{i}=|\{c\in$
$C|\mathrm{w}\mathrm{t}(c)=i\}|$ . .
Theorem 21 (MacWilliams identity). $C,$ $C^{[perp]}$ weight enumerator
$W_{C^{[perp]}}(x, y)= \frac{1}{|C|}W_{C}(x+y, x-y)$
.
Theorem 22. $C$ $n$ doubly-even self-dual code , weight enu-
merator $Wc(x, y)$ :
(1) $W_{C}(x, y)=W_{C}( \frac{x+y}{\sqrt{2}},$ $\frac{x-y}{\sqrt{2}})$
(2) $Wc(x, y)=Wc(x, \mathrm{i}y)$ $\mathrm{i}=\sqrt{-1}$ .
Proof. (1) $C$ self-dual $W_{C}(x, y)=W_{C}[perp](x, y)$ , MacWilliams
identity
$W_{C}[perp](x, y)= \frac{1}{2^{n/2}}Wc(x+y, x-y)=W_{C}(\frac{x+y}{\sqrt{2}},$ $\frac{x-y}{\sqrt{2}})$
.
(2) $C$ doubly-even codeword weight 4 .





$T_{2}$ : $(\begin{array}{l}xy\end{array})arrow(\begin{array}{ll}1 00 i\end{array})(\begin{array}{l}xy\end{array})$
3.
$G= \langle\frac{1}{\sqrt{2}}(\begin{array}{l}111-1\end{array}),$ $(\begin{array}{ll}1 00 i\end{array})\rangle(\subseteq GL(2, \mathbb{C}))$
. 192 . $G$
:
$\mathbb{C}[x, y]^{G}=\{f(x, y)\in \mathbb{C}[x, y]| A\circ f(x, y)=f(x, y)(\forall A\in G)\}$
.
Proposition 2.3. doubly-even self-dual code $C$ weight enumerator $W_{C}(x, y)$ $A\in G$
. $W_{C}(x, y)\in \mathbb{C}[x, y]^{G}$ .
Gleason [5] .
Theorem 24(Gleason[5]). $C$ doubly-even self-dual code .
$W_{C}(x, y)\in \mathbb{C}[x,y]^{\zeta_{\mathrm{v}}^{\gamma}}=\mathbb{C}[\phi_{8}, \phi_{24}]$
$\phi_{8}=x^{8}+14x^{4}y^{4}+y^{8},$ $\phi_{24}=x^{4}y^{4}(x^{4}-y^{4})^{4}$ . , $a_{j}$




Corollary 2.5. $n$ doubly-even seif-dual code
$n\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} 8)$ .
Proof. Gleason $n$ doubly-even self-dual code
$n\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} 8)$ . $m,$ $n$ code $C,$ $D$
$C\oplus D=\{(x, y)\in \mathrm{F}_{2}^{n+n}|x\in C, y\in D\}$
. 8 doubly-even self-dual code (
1). code $e_{8}$ $e_{8}\oplus e_{8}\oplus\cdots\oplus e_{8}$ $8k$ doubly-even
$\mathrm{s}\mathrm{e}1\mathrm{f}- \mathrm{d}\mathrm{u}\mathrm{a}_{[perp]}^{\rceil}$ code $(k=1,2, \ldots)$ .
4Theorem 26 (Mallows-Sloane [18]). doubly-even self-dual $[n, n/2, d]$ code
$d\leq 4[n/24]+4$
.





. $d\geq 8$ $x^{20}y^{4}$ $a_{1}=-42$ .
$W_{C}(x, y)=x^{24}+759x^{16}y^{8}+2576x^{12}y^{12}+759x^{8}y^{16}+y^{24}$
$d\leq 8$ .
-fl‘\not\in minimum weight (1) $a_{0},$ $a_{1},$ $\ldots,$ $a[n/24]$
.
Definition27. doubly-even self-dual[$n,$ $n/2,4[n/24]+4_{\mathrm{J}}^{\rceil}$ code extremal .
3 Extremal doubly-even self-dual code
$n$ extremal doubly-even self-dual code
. doubly-even self-dual code ,
extremal doubly-even self-dual code
.
3.1
Zhang [26] Gleason extremal doubly-even self-dual code weight
enumerator $A_{4[n/24]+8}$ (weight $4[n/24]+8$ codeword )
.
Theorem 31(Zhang [26]). $n=24m(m\geq 154)\dot{/}n=24m+8(m\geq 159),$ $n=$
$24m+16(m\geq 164)$ , $n$ extremal doubly-even self-dual code .
5Problem 1. weight
.
, extremal doubly-even self-dual code
.
3.2
32 doubly-even self-dual code .
1 . , 2 $\tau\#(\mathrm{E}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{l})$
extremal doubly-even self-dual code f , 4 $\mathrm{I}$ #( ) extremal
doubly-even self-dual code . 3
code . $e_{8}$ extended Hamming [8, 4, 4] code, g24 extended Golay
[24, 12, 8] code code .
1: doubly-even self-dual code




doubly-even self-dual code .
design design doubly-even self-dual
code .
Proposition 32 (Tonchev [24] ). $A$ symmetric 2-(v, $k,$ $\lambda$ ) design incidence
matrix .
(1) $k\equiv 3(\mathrm{m}\mathrm{o}\mathrm{d} 4),$ $\lambda\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} 2)$ $G=(IA)$ $2v$ doubly-even
self-dual code .
$\mathrm{G}$
(2) $k\equiv 2(\mathrm{m}\mathrm{o}\mathrm{d} 4),$ $\lambda\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2)$
$G=(\begin{array}{lllll} 0 1 1 \mathrm{l} \vdots I 1 A \end{array})$
$2v+2$ doubly-even self-dual code .
Proof. , $G$ weight 4 $G$ 2
doubly-even self-dual code . [
Remark 3.3. symmetric 2-(v, $k,$ $\lambda$) design
, $\mathrm{B}\mathrm{r}\mathrm{u}\mathrm{c}\mathrm{k}-\mathrm{R}\mathrm{y}\mathrm{s}\mathrm{e}\mathrm{r}$-Chowla
( ) ( ) .
.
Hadamard 2-(11, 6, 3) design (2) extremal doubly-even self-
duaI [24, 12, 8]. code $g_{24}$ . symmetric 2-(31, 10, 3) design 4
64 extremal doubly-even self-dual code [15].
Proposition 34(Tonchev [25]). $H$ $8t+4$ Hadamard . $H$
1 $4k+3$
$($ $I$ $\frac{H+J}{2})$
$16t+8$ doubly-even self-dual code . $J$ 1
.
28 Hadamard . 20, 28
Hadamard 118, 5 extrem $\mathrm{a}1$ doubly-even self-dual code
[2], [16].
3.4
extremal doubly-even self-dual code 2 .
$\#$ extremal doubly-even self-dual code




Theorem 3,5 ( $\mathrm{H}\mathrm{o}\mathrm{u}\mathrm{g}\mathrm{h}\mathrm{t}\mathrm{e}\mathrm{n}-\mathrm{L}\mathrm{a}\mathrm{m}$-Thiel-Parker [13]). 48 extremal doubly-
even seif-dual code extended quadratic residue code .
72: extremal doubly-even self-dual code
.
Problem 2. extremal doubly-even self-dual code
.
Problem 3 40 extremal doubly-even self-dual code .







Problem 5. 112 extremal doubly-even self-dual code .
, 96 24 ,
72 [22]. ,
$24r\mathrm{r}b$ extremal doubly-even self-dual code design .
3.5 . 72
72 extremal doubly-even self-dua code $\mathrm{A}$ )
, .
$\bullet$ weight enumerator:





Proposi ion 36 (Dougherty-Harada [4]). (1) 72 extremal doubly-
even self-dua]. code self-dual[70,35,14]code .
(2) 72 extremal doubly-even self-dual code $Wc(1, y)=$
$1\neq_{1}442y^{12}+14960y^{14}+174471y^{16}+\cdots$ $\circ^{\neg}\mathrm{e}1\mathrm{f}$-dual[68,34, 12] code
.
Problem 6. (2) .
$\bullet$ :
72 extremal doubly-even self-dual code
, .
3, 5, 7 , 5, 7 2 ,
3 ( [14] ).
4 J%@ $24m\omega$ extremal doubly-even self-dual code $[succeq]$
$5$-design
$m=1,2$ $24m$ extremal doubly-even self-dual code
, $m=3,4,5,$ $\ldots,$ $153$
. , design .
4.1 Assmus-Mattson
Theorem 41(Assmus-Mattson[1]). $C$ [$n,$ $k,$ $d$ code $0<t<d$ .
$B_{i}=\#\{x\in C^{[perp]}|\mathrm{w}\mathrm{t}(x)=\mathrm{i}\},$ $s=\#${ $\mathrm{i}|B_{i}\neq 0$ and $0<\mathrm{i}\leq n-t$} ,
$s\leq d-t$
(1) $C$ weight $d$ codeword ( support) $t$-design .
(2) $C^{[perp]}$ weight $\mathrm{i}(\mathrm{i}\leq n-t)$ codeword ( support) $t$-design .
Assmus-Mattson .
9Corollary 42. $C$ $24m$ extremal doubly-even self-dual code , weight
codeword 5-design .
Proof. $t=5$ . $C$ $24m-5$ codeword
weight $\mathrm{t}\mathrm{h}$
$4m+4,4m+8,4m+12,$ $\ldots,$ $24m-(4m+4)$ .
$s\leq 4m-1$ Assmus-Mattson
$m=1,2,3,4$ minimum weight codeword 5-design
3 . $A_{4m+4}$ weight $4m+4$ codeword , design block
.
3: 5-design










5-(48, 12, 8) design
5-(72, 16, 78) design
5-(96, 20, 816) design
Assums-M attson extremal doubly-even self-dual code
5-design . , .
.
4.2 $m=1$
Steiner system $S(5,8,24)$ s- $(24, 8, \lambda_{s})$ design t $(s\leq 5)$ ,
$b=\lambda_{0}=759,$ $\lambda_{1}=253,$ $\lambda_{2}=77,$ $\lambda_{3}=21,$ $\lambda_{4}=5$
.
Lemma 4.3. Steiner system $S(5,8,24)$ 2 block
(block intersection number ) 0, 2, 4 ,
Proof. $B$ $\mathit{3}(5,8,24)$ block , $m_{i}$ $B$ $\mathrm{i}$ point $B$
block . block $0\leq i\leq 7$ . $5$-design
point
:
$\sum_{i=0}^{7}(\begin{array}{l}ij\end{array})m_{i}=(\lambda_{j}-1)(\begin{array}{l}8j\end{array})$ $(j=0,1, \ldots, 5)$ .
10
$m_{0}=30+m_{6}+6m_{7},$ $m_{1}=-6m_{6}-35m_{7},$ $m_{2}=448+15m_{6}+84m_{7}$ ,
$m_{3}=-20m_{6}-105m_{7},$ $m_{4}=280+15m_{6}+70m_{7},$ $m_{5}=-6m_{6}-21m_{7}$
. $m_{i}$ 0 , $m\mathrm{s}=m_{6}=m_{7}=0$
.




Theorem 4.4. Steiner system $S(5,8_{7}24)$ incidence matrix code
extended Golay[24, 12, 8] code .
Proof. Steiner system $S(5,8,24)$ incidence matrix $A$ $A$ code
$C$ . Lemma 43 block size 8 $C$ doubly-even
self-orthogonal .
$w\in C^{[perp]}$ weight $m>0$ codeword . $w$ $i$ $A$
$n_{i}$ . , 5-design :
$\sum_{i=0}^{\{m/2]}(\begin{array}{l}2ij\end{array})n_{2i}=\lambda_{j}(\begin{array}{l}mj\end{array})$ $(j=0,1, \ldots, 5)$ . (2)
$n_{2i}=0(\mathrm{i}\geq 5)$ $n_{2k+1}=0$ . (2)
$m(m^{4}-60m^{3}+1280m^{2}-11520m+36864)$
$=m(m-8)$ (m-12) (m-16) (m-24) $=0$
.
(2) $m=0,8,12,16,24$ $C^{[perp]}$ codeword
weight 0, 8, 12, 16, 24 ( Lemma 43
$C$ self-orthogonal $C^{[perp]}$ weight 8, 12, 16, 24 codeword
), $C^{[perp]}$ doubly-even code . doubly-even code
self-orthogonal code $C^{[perp]}\subset(C^{[perp]})^{[perp]}=C$ . $C$ self-dual . $C^{[perp]}$
weight minimum weight 8 .
$C$ extremal doubly-even self-dual [24, 12, 8] code , $C$
extended Golay code $g24$ .
extremal doubly-even self-dual[24,12, 8] code :
Corollary 4.5. Steiner system $\mathit{3}(5,8,24)$ .
11
4.3 $(m\geq 2)$
$C$ $24m$ extrem al doubly-even self-dual code ,
Assmus-Mattson minimum weight codeword 5-design $D$ .
$C$ self-dual , design $D$ self-orthogonal .
t-(v, $k,$ $\lambda$) design self-orthogonal , block intersection number
block size $k$ [23]. .
Problem 7. $C$ $24m$ extremal doubly-even self-dual code , $D$ $C$
minimum weight codeword self-orthogonal 5-design . $E$ $D$
self-orthogonal5-design $E$ incidence matrix
code extremal doubly-even self-dual code .
$m=1$ Theorem 44 . $m=2,3,4$
[12], [11], [8] (
[27], [28] $)$ .
Theorem 46 ([8], [11], [12]). (1) self-orthogonal 5-(48, 12, 8) design inci-
dence matrix extremal doubly-even self-dual[48,24, 12] code .
self-orthogonal 5-(48, 12, 8) design .
(2) self-orthogonal 5-(72, 16, 78) design incidence matrix
code extremal doubly-even self-dual [72, 36, 16] code .
(3) self-orthogonal 5-(96, 20, 816) design incidence matrix
code extremal doubly-even $\mathrm{s}\mathrm{e}1\mathrm{f}- \mathrm{d}_{\mathfrak{U}}\mathrm{a}1[96,48,20]$ code .
$m\leq 4$ $m\geq 5$ (
).
(2) . design $E$ 5-design
. ,
, . ,
extremal doubly-even self-dual code
, , . 72
.
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